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Abstract. In this paper, we introduce α-admissible mappings on product spaces and obtain fixed
point results for α-admissible Prešic´ type operators. Our results extend, unify and generalize some
known results of the literature. We also provide examples, which illustrate the results proved herein
and show that how the new results are different from the existing ones.
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1 Introduction
Let X be a nonempty set and f : X → X be a mapping. An element x∗ ∈ X is called
a fixed point of f if fx∗ = x∗. The famous Banach contraction principle ensures the
existence and uniqueness of the fixed point of a mapping defined on a complete metric
space. It states that:
Theorem 1 [Banach contraction principle]. Let (X, d) be a complete metric space with
a contraction mapping f : X → X , that is, f satisfies the following condition:
d(fx, fy) 6 λd(x, y) for all x, y ∈ X,
where λ ∈ [0, 1). Then f admits a unique fixed point x∗ ∈ X , that is, fx∗ = x∗.
The Banach contraction principle has many applications in various branches of math-
ematics. There are several interesting generalizations of this eminent principle. In 1965,
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Prešic´ [24, 25] in his work generalized this principle for the mappings defined on the
product spaces and applied the obtained results to ensure the convergence of a particular
type of sequences. Prešic´ proved the following theorem:
Theorem 2 [Prešic´’s theorem]. Let (X, d) be a complete metric space, k a positive in-
teger and T : Xk → X be a mapping satisfying the following contractive type condition:
d
(






for every x1, x2, . . . , xk+1 ∈ X , where q1, q2, . . . , qk are nonnegative constants such
that q1 + q2 + · · · + qk < 1. Then there exists a unique point x ∈ X such that T (x, x,
. . . , x) = x. Moreover, if x1, x2, . . . , xk are arbitrary points in X and, for n ∈ N,
xn+k = T (xn, xn+1, . . . , xn+k−1), then the sequence {xn} is convergent and limxn =
T (limxn, limxn, . . . , limxn).
A mapping T : Xk → X satisfying (1) is called a Prešic´ operator. A point x ∈ X
such that T (x, x, . . . , x) = x is called a fixed point of T . The set of fixed points of T is
denoted by Fix(T ). Note that the Banach contraction principle is a particular case (when
k = 1) of Prešic´’s theorem.
Let I be an interval of real numbers. Consider a nonlinear difference equation of kth
order
xn+k = T (x1, x2, . . . , xn+k−1), n = 1, 2, . . . . (2)
A point u ∈ I is said to be an equilibrium point of difference equation (2) if T (u, u,
. . . , u) = u. Note that, u ∈ I is an equilibrium point of the difference equation (2) if and
only if u is a fixed point of the mapping T : Ik → I . Thus, Prešic´’s theorem insures the
existence and uniqueness of the equilibrium point of nonlinear difference equation of kth
order given by (2). For some more applications of Prešic´’s theorem, the reader is referred
to [8, 13, 15, 24, 25, 30, 34]. Some important and interesting generalizations of Prešic´’s
theorem can be found in [9, 10, 17, 22, 23, 31, 32, 33, 35, 36].
Ran and Reurings [26] and Nieto and Rodríguez-López [20, 21] generalized the Ba-
nach contraction principle into the metric spaces equipped with a partial order. Recently,
Samet et al. [29] generalized the results of Ran and Reurings [26] and Nieto and
Rodríguez-López [20, 21] and extended the Banach contraction principle by introducing
the notion of α-admissible mappings. Subsequently, several authors proved fixed point
results for contraction mappings via the concept of α-admissible mapping in metric spaces
and other spaces (see [1, 2, 3, 4, 5, 6, 7, 11, 12, 14, 16, 19, 27, 28] and references therein).
In this paper, we define α-admissible mappings on product spaces and prove some
fixed point results for α-admissible Prešic´ type operators. Our results generalize, unify
and extend the results of Prešic´ [24, 25], Ran and Reurings [26], Nieto and Rodríguez-
López [20, 21] and a particular case of the recent result of Samet et al. [29]. Some exam-
ples are provided, which illustrate the results proved herein and show the applicability of
results.
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2 Main results
First, we state some definitions and properties, which will be useful in the sequel.
Definition 1. Let (X, d) be a metric space, k a positive integer and T : Xk → X be
a mapping. Then the mapping T is called an α-Prešic´ operator if there exist a function
α : X2 → [0,∞) and nonnegative constants αi such that
∑k
i=1 αi < 1 and
min
{










for all x1, x2, . . . , xk, xk+1 ∈ X .
Remark 1. If T : Xk → X is a Prešic´ operator, then it is an α-Prešic´ operator with
α(x, y) = 1 for all x, y ∈ X .
Remark 2. For k = 1, an α-Prešic´ operator reduces into an α-ψ-contractive mapping
with α1 = k ∈ [0, 1), ψ(t) = kt for all t > 0 (see [29]). Therefore, α-Prešic´ operators
extend this particular case of Samet et al. [29] into product spaces.
Definition 2. Let X be a nonempty set, k a positive integer and T : Xk → X be a map-
ping. Then the mapping T is called an α-admissible operator if there exists a function
α : X2 → [0,∞) such that
min
{
α(xi, xi+1): 1 6 i 6 k
}
> 1
=⇒ α(T (x1, . . . , xk), T (x2, . . . , xk+1)) > 1
for all x1, x2, . . . , xk, xk+1 ∈ X .
Remark 3. Let X be a nonempty set with a partial order 4 on it. Let k be a positive
integer and T : Xk → X be a mapping such that, for any finite sequence {xn}k+1n=1 with
xi 4 xi+1, i = 1, 2, . . . , k, we have T (x1, . . . , xk) 4 T (x2, . . . , xk+1). Let a, b be two
reals such that a > 1, b < 1, and define α : X2 → [0,∞) by
α(x, y) =
{
a if x 4 y;
b otherwise.
Then T is an α-admissible operator.
Example 1. Let X = [0,∞) with usual partial order 6 and k = 2. Define the mappings
T : X2 → X and α : X2 → [0,∞) by T (x1, x2) =
√
x1 + x2 for all x1, x2 ∈ X and
α(x, y) =
{
1 if x 6 y;
0 otherwise.
If x1 6 x2 6 x3 for some x1, x2, x3 ∈ X , then
√
x1 + x2 6
√
x2 + x3, that is,
T (x1, x2) 6 T (x2, x3). Therefore, by Remark 3 T is an α-admissible operator.
http://www.mii.lt/NA
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Definition 3. Let (X, d) be a metric space, k a positive integer and T : Xk → X be
a mapping. Let α : X2 → X be a function and {xn} be a sequence in X . Then the
sequence {xn} is called a termwise α-sequence if α(xi, xi+1) > 1 for all i = 1, 2, . . .. T
is said to be diagonally continuous on X , if T (xn, xn+1, . . . , xn+k−1)→ T (u, . . . , u) as
n→∞ whenever {xn} is a sequence in X with xn → u ∈ X as n→∞. T is said to be
diagonally α-continuous on X , if T (xn, xn+1, . . . , xn+k−1) → T (u, . . . , u) as n → ∞
whenever {xn} is a termwise α-sequence in X with xn → u ∈ X as n→∞.
Remark 4. It is obvious that every diagonally continuous mapping T : Xk → X is
diagonally α-continuous on X . But the converse of this fact is not true in general (see
Example 2 of this paper).
The following theorem is an existence theorem for α-admissible operators on product
spaces.
Theorem 3. Let (X, d) be a complete metric space, k a positive integer and T : Xk → X
be an α-Prešic´ operator. Suppose, the following conditions are satisfied:
(i) T is an α-admissible operator;





xk, T (x1, . . . , xk)
)
: 1 6 i 6 k − 1} > 1;
(iii) T is diagonally α-continuous.
Then T has a fixed point in X .





xk, T (x1, . . . , xk)
)
: 1 6 i 6 k
}
> 1.
Define a sequence {xn} in X by
xn+k = T (xn, . . . , xn+k−1) for all n ∈ N.
We shall show that {xn} is a termwise α-sequence in X . By definition of sequence and
the assumption we have α(xi, xi+1) > 1, 1 6 i 6 k. Because T is an α-admissible
operator, by assumption we have
α
(
T (x1, . . . , xk), T (x2, . . . , xk+1)
)
> 1,
that is, α(xk+1, xk+2) > 1. So, min{α(xi, xi+1): 2 6 i 6 k + 1} > 1. Again, as
T is an α-admissible operator, we have α(T (x2, . . . , xk+1), T (x3, . . . , xk+2)) > 1, that
is, α(xk+2, xk+3) > 1. Following a similar process, we obtain α(xi, xi+1) > 1 for all
n ∈ N. Thus, {xn} is a termwise α-sequence.
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We shall prove by mathematical induction that
dn 6 µθn for all n ∈ N. (4)
Then, by definition of µ it is obvious that (4) is true for n = 1, 2, . . . , k. Now suppose the
following k inequalities be the induction hypothesis:
dn 6 µθn, dn+1 6 µθn+1, . . . , dn+k−1 6 µθn+k−1.
As {xn} is a termwise α-sequence, it follows from (3) that
dn+k = d(xn+k, xn+k+1) = d
(




α(xi, xi+1): n 6 i 6 n+ k − 1
}
× d(T (xn, . . . , xn+k−1), T (xn+1, . . . , xn+k))
6 α1d(xn, xn+1) + α2d(xn+1, xn+2) + · · ·+ αkd(xn+k−1, xn+k)
= α1dn + α2dn+1 + · · ·+ αkdn+k−1






Thus, by the mathematical induction inequality (4) is true for all n ∈ N.
For m,n ∈ N and m > n, we have
d(xn, xm) 6 d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xm−1, xm)
= dn + dn+1 + · · ·+ dm−1
6 µθn + µθn+1 + · · ·+ µθm−1 6 µθ
n
1− θ .
Since θ = {∑ki=1 αi}1/k < 1, it follows from the above inequality that
lim
n,m→∞ d(xn, xm) = 0.
Thus, {xn} is a Cauchy sequence. By completeness of X , there exists u ∈ X such that
lim
n→∞ d(xn, u) = 0.
We shall show that u is a fixed point of T .
Since T is diagonally α-continuous on X , {xn} is a termwise α-sequence in X and
xn → u as n→∞, therefore, we obtain
u = lim
n→∞xn+k = limn→∞T (xn, . . . , xn+k−1) = T (u, . . . , u).
Thus, u is a fixed point of T .
http://www.mii.lt/NA
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Remark 5. For k = 1 in the above theorem, we obtain Theorem 2.1 of Samet et al. [29]
with α1 = k ∈ [0, 1), ψ(t) = kt for all t > 0. For the existence of fixed point of operator
T : X → X , Samet et al. [29] assumed the continuity of T . In the above theorem,
we assume that T is diagonally α-continuous on X . Following example illustrate this
fact more accurately and it shows that our result is an proper extension of the Prešic´’s
theorem. Also, this example shows that in the above theorem, the fixed point of T may
not be unique.
Example 2. Let X = [0, 1] and d be the usual metric on X , then (X, d) is a complete
metric space. For k = 2, define T : X2 → X and α : X2 → [0,∞) by
T (x1, x2) =

(x1 + x2)/4 if x1, x2 ∈ [0, 1/2];




1 if x1, x2 ∈ [0, 1/2];
0 otherwise.
Then:
(a) T satisfies all the conditions of Theorem 3 and has two fixed points;
(b) T is not a Prešic´ operator, that is, it does not satisfy condition (1) and so the
Prešic´’s theorem (Theorem 2) is not applicable here;
(c) T is not diagonally continuous on X .
Proof. (a) We observe following:
(i) T is an α-Prešic´ operator with α1 = α2 = 1/4. If any one or any two of x1, x2, x3
are in (1/2, 1], then we have min{α(x1, x2), α(x2, x3)} = 0. Therefore, we have to
check the validity of (3) only for the case x1, x2, x3 ∈ [0, 1/2]. Now, for x1, x2, x3 ∈
[0, 1/2], we have
min
{











[|x1 − x2|+ |x2 − x3|] = 1
4
[
d(x1, x2) + d(x2, x3)
]
.
Thus, T is an α-Prešic´ operator with α1 = α2 = 1/4.
(ii) T is α-admissible. Let x1, x2, x3 ∈ X be such that
min
{
α(x1, x2), α(x2, x3)
}
> 1.
Then x1, x2, x3 ∈ [0, 1/2] and so T (x1, x2) = (x1 + x2)/4, T (x2, x3) = (x2 + x3)/4,
that is, T (x1, x2), T (x2, x3) ∈ [0, 1/2]. Therefore,
α
(
T (x1, x2), T (x2, x3)
)
= 1.
Thus, T is α-admissible.
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(iii) There exist x1, x2 ∈ X such that min{α(x1, x2), α(x2, T (x1, x2))}> 1. Indeed,
for any x1, x2 ∈ [0, 1/2], we have min{α(x1, x2), α(x2, T (x1, x2))} = 1.
(iv) T is diagonally α-continuous on X . Indeed, if {xn} is any termwise α-sequence
in X and xn → u as n → ∞, then we have α(xi, xi+1) > 1 for all i ∈ N, that is,
xi ∈ [0, 1/2] for all i ∈ N and so u ∈ [0, 1/2]. Now





= T (u, u).
Thus, T satisfies all the conditions of Theorem 3 and has two fixed points, namely,
Fix(T ) = {0, 1}.
(b) T is not a Prešic´ operator. Taking x1 = x2 = 0, x3 = 1, we have
d
(




T (0, 0), T (0, 1)
)
= d(0, 1) = 1
and d(x1, x2) = 0, d(x2, x3) = 1. Therefore, there exist no nonnegative constants α1, α2
such that α1 + α2 < 1 and
d
(
T (x1, x2), T (x2, x3)
)
6 α1d(x1, x2) + α2d(x2, x3).
Thus, T is not a Prešic´ operator.
(c) T is not diagonally continuous. Indeed, consider the sequence {xn}, where x1 =
x2 = 5/9, xn = (2 − 1/n)/3, n = 3, 4, . . . . Then xn → 2/3 as n → ∞. Note that
limn→∞ T (xn, xn+1) = 2/3 6= 1 = T (2/3, 2/3).
In the next theorem, we replace the hypothesis of α-diagonal continuity of T by
another hypothesis.
Theorem 4. Let (X, d) be a complete metric space, k a positive integer and T : Xk → X
be an α-Prešic´ operator. Suppose the following conditions are satisfied:
(i) T is an α-admissible operator;





xk, T (x1, x2, . . . , xk)
)
: 1 6 i 6 k − 1} > 1;
(iii) if {xn} is any termwise α-sequence in X such that xn → u as n → ∞, then
α(xn, u) > 1 for all n ∈ N and α(u, u) > 1.
Then T has a fixed point in X .
Proof. Following the proof of Theorem 3, the sequence {xn} is a termwise α and Cauchy
sequence in X , where {xn} is defined as in the proof of Theorem 3. By completeness




u, T (u, . . . , u)
)
6 d(u, xn+k) + d
(
xn+k, T (u, . . . , u)
)
= d(u, xn+k) + d
(
T (xn, . . . , xn+k−1), T (u, . . . , u)
)
http://www.mii.lt/NA
α-admissible Prešic´ type operators and fixed points 431
6 d(u, xn+k) + d
(




T (xn+1, . . . , xn+k−1, u), T (xn+2, . . . , xn+k−1, u, u)
)
+ · · ·+ d(T (xn+k−1, u, . . . , u), T (u, . . . , u)).
As {xn} is a termwise α-sequence, by assumption (iii) we have α(xn, u) > 1 for all
n ∈ N and α(u, u) > 1, therefore, from the above inequality we obtain
d
(
u, T (u, . . . , u)
)
6 d(u, xn+k) + min
{
α(xi, xi+1), α(xn+k−1, u): n 6 i 6 n+ k − 2
}
× d(T (xn, . . . , xn+k−1), T (xn+1, . . . , xn+k−1, u))
+min
{
α(xi, xi+1), α(xn+k−1, u), α(u, u): n+ 1 6 i 6 n+ k − 2
}
× d(T (xn+1, . . . , xn+k−1, u), T (xn+2, . . . , xn+k−1, u, u))
+ · · ·+min{α(xn+k−1, u), α(u, u)}d(T (xn+k−1, u, . . . , u), T (u, . . . , u)),
which, together with (3), gives
d
(
u, T (u, . . . , u)
)
6 d(u, xn+k) + α1dn + α2dn+1 + · · ·+ αk−1dn+k−2 + αkd(xn+k−1, u)
+ α1dn+1 + α2dn+2 + · · ·+ αk−2dn+k−2 + αk−1d(xn+k−1, u)
+ · · ·+ α1d(xn+k−1, u).
Since xn → u as n→∞, it follows from the above inequality that d(u, T (u, . . . , u))= 0,
that is, T (u, . . . , u) = u. Thus, u is a fixed point of T .
Remark 6. The above theorem extends Theorem 2.2 of Samet et al. [29] (for the case
ψ(t) = kt, t > 0) in product spaces. Note that, for the existence of fixed point in the above
theorem, in assumption (iii), we use an additional condition that α(u, u) > 1, which was
not assumed by Samet et al. [29] (compare assumption (iii) of the above theorem and
assumption (iii) of Theorem 2.2 of Samet et al. [29]). The following example shows that
this condition is not superfluous.
Example 3. Let X = [0, 1] and d be the usual metric on X , then (X, d) is a complete
metric space. For k = 2, define T : X2 → X and α : X2 → [0,∞) by
T (x, y) =
{





1 if x, y ∈ [0, 1], y < x;
0 otherwise.
Then all the conditions of Theorem 4, except (iii), are satisfied and T has no fixed point
in X .
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Proof. We observe following:
(i) T is an α-Prešic´ operator with α1 = α2 = 1/4. If any two of x1, x2, x3 are equal
to 0, then we have min{α(x1, x2), α(x2, x3)} = 0. Similarly, if x1 = 0 or x2 = 0 then
again we have min{α(x1, x2), α(x2, x3)} = 0. Therefore we have to check the validity
of (3) only for the cases x1, x2, x3 ∈ (0, 1], x3 < x2 < x1, and when x3 = 0, x1, x2 ∈
(0, 1] with x2 < x1. If x1, x2, x3 ∈ (0, 1], then
min
{











[|x1 − x2|+ |x2 − x3|] = 1
4
[
d(x1, x2) + d(x2, x3)
]
.
If x3 = 0, x1, x2 ∈ (0, 1] with x2 < x1, then with a similar calculation one can verify
inequality (3).
(ii) T is α-admissible. If x1, x2, x3 ∈ X and min{α(x1, x2), α(x2, x3)} > 1, then
we have x1, x2, x3 ∈ (0, 1] with x3 < x2 < x1 or x3 = 0, x1, x2 ∈ (0, 1] with x2 < x1.
If x1, x2, x3 ∈ (0, 1] with x3 < x2 < x1, we have T (x1, x2) = (x1+x2)/4, T (x2, x3) =
(x2+x3)/4, and so, T (x1, x2), T (x2, x3) ∈ (0, 1] and T (x2, x3) < T (x1, x2). Therefore,
α(T (x1, x2), T (x2, x3)) = 1. Similar result holds for the case x3 = 0, x1, x2 ∈ (0, 1]
with x2 < x1. Thus, T is α-admissible.
(iii) There exist x1, x2 ∈ X such thatmin{α(x1, x2), α(x2, T (x1, x2))} > 1. Indeed,





x2, T (x1, x2)
)}
= 1.
(iv) {xn} is a termwise α-sequence in X and xn → u ∈ X as n → ∞. Then we
have α(xi, xi+1) > 1 for all i ∈ N, and by definition of α, {xn} is a strictly decreasing
sequence in [0, 1]. Therefore, u < xn for all n ∈ N and so α(xn, u) = 1 for all n ∈ N.
Now, if we take xn = 1/n for all n ∈ N, then {xn} is a termwise α-sequence and
xn → 0 (= u) as n → ∞. Note that α(xn, 0) = α(xn, u) = 1 for all n ∈ N, but
α(0, 0) = α(u, u) = 0 6> 1.
Thus, all the conditions of Theorem 4, except α(u, u) > 1 (in assumption (iii)), are
satisfied and T has no fixed point.
As shown in Example 2, the fixed point of the mapping T satisfying the conditions
of Theorem 3 may not be unique. To establish the uniqueness of fixed point, we use the
following definition.
Definition 4. Let X be any nonempty set and α : X2 → [0,∞) be a function. Let
A ⊆ X,A 6= ∅, then A is called α-well-ordered, if for all x, y ∈ A, we have α(x, y) > 1
or α(y, x) > 1 or both. Note that, if A is α-well-ordered, then α(x, x) > 1 for all x ∈ A.
Theorem 5. Suppose all the assumptions of Theorem 3 (resp. Theorem 4) are satisfied.
In addition, suppose that the set of all fixed points of T , Fix(T ) is α-well-ordered then
Fix(T ) is singleton.
http://www.mii.lt/NA
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Proof. The existence of fixed point is followed by Theorem 3 (resp. Theorem 4). Now
suppose the set of all fixed points of T is α-well-ordered and u, v ∈ Fix(T ) are distinct,














Suppose min{α(u, v), α(u, u), α(v, v)} > 1 (proof for the second case is similar).
Now using (3) we obtain
d(u, v) = d
(








T (u, . . . , u, v), T (u, . . . , u, v, v)
)
+ · · ·+ d(T (u, v, . . . , v), T (v, . . . , v))
6 min
{












T (u, . . . , u, v), T (u, . . . , u, v, v)
)
+ · · ·+min{α(u, v), α(v, v)}d(T (u, v, . . . , v), T (v, . . . , v))




αid(u, v) < d(u, v).
This contradiction shows that Fix(T ) is singleton.
Remark 7. In Example 2, the fixed point of T is not unique and Fix(T ) = {0, 1}. Note
that, Fix(T ) is not α-well-ordered. Indeed, α(0, 1) = α(1, 0) = α(1, 1) = 0 < 1.
Corollary 1. (See [24, 25].) Let (X, d) be a complete metric space, k a positive integer
and T : Xk → X be a Prešic´ operator. Then there exists a unique point x ∈ X such
that T (x, x, . . . , x) = x. Moreover, if x1, x2, . . . , xk are arbitrary points in X and for
n ∈ N, xn+k = T (xn, xn+1, . . . , xn+k−1), then the sequence {xn} is convergent and
limxn = T (limxn, limxn, . . . , limxn).
Proof. Define α : X2 → [0,∞) by α(x, y) = 1 for all x, y ∈X . Then it is easy to see that
all the conditions of Theorem 5 are satisfied, and the result follows from Theorem 5.
Let a nonempty set X be equipped with a partial order 4 such that (X, d) is a metric
space, then the triple (X,4, d) is called an ordered metric space. A sequence {xn} in X
is said to be nondecreasing with respect to 4 if x1 4 x2 4 · · · 4 xn 4 · · · . Let
k be a positive integer and T : Xk → X be a mapping, then T is said to be nonde-
creasing with respect to 4 if for any finite nondecreasing sequence {xn}k+1n=1, we have
T (x1, x2, . . . , xk) 4 T (x2, x3, . . . , xk+1). Mapping T is said to be an ordered Prešic´
type contraction if (see also, [17, 18]) there exist nonnegative constants α1, α2, . . . , αk
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such that
∑k
i=1 αi < 1 and
d
(






for every nondecreasing finite sequences {xn}k+1n=1 in X .
Following corollary is a fixed point result for an ordered Prešic´ type contraction.
Corollary 2. Let (X,4, d) be an ordered complete metric space. Let k be a positive
integer, T : Xk → X be a nondecreasing mapping with respect to 4. Suppose that the
following conditions hold:
(A) T is an ordered Prešic´ type contraction;
(B) there exist x1, x2, . . . , xk ∈ X such that {xn}kn=1 is a nondecreasing sequence
and xk 4 T (x1, . . . , xk);
(C) if a nondecreasing sequence {xn} converges to x ∈ X , then xn 4 x for all
n ∈ N.
Then T has a fixed point in X . In addition, if Fix(T ) is well-ordered with respect to 4,
that is, for all x, y ∈ Fix(T ), either x 4 y or y 4 x. Then the fixed point of T is unique.
Proof. Define α : X2 → [0,∞) by
α(x, y) =
{
1 if x 4 y;
0 otherwise.
Then, with this function α, the fact that T is nondecreasing implies that T is an
α-admissible operator and condition (A) implies that T is an α-Prešic´ operator. Con-
ditions (B) and (C) imply respectively conditions (ii) and (iii) of Theorem 4. Therefore,
the existence of fixed point follows from Theorem 4. The well-orderedness of Fix(T )
with respect to 4 implies the α-well-orderedness of Fix(T ). So, uniqueness of the fixed
point follows from Theorem 5.
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